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Advanced Machine Learning

Webpage: courses.fit
Exam:

• The exam will be oral.
• Maximum 30 points.
• To pass the course, you must obtain at least 10 points from the exam.
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Advanced Machine Learning - Assessment

Semester Assessment (max 70 points):

• 4 Homework assignments: each worth up to 5 points (total 20 points).

• Semestral Project – maximum 50 points.

• The project must be completed individually.

• To qualify for the exam, you must obtain at least 50 points from the semester
assessment.

Final grading:

• Final grade is based on the total score (semester + exam).

• The standard CTU scoring scale is used for grade conversion.
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Recommender Systems

• Take out your phone.
• Open Instagram / YouTube / Spotify / Netflix.
• Look at the first thing you see.
• That is not random.

You are looking at a recommender system.
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What Can Be Recommended?

• Movies on Netflix → item to user
• Job candidates on LinkedIn → user to item
• ”Customers also bought...” → item to item
• ”People you may know” → user to user
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Recommender Systems
• We focus on recommending items to users.
• Two main modeling approaches:

– Predictive modeling: predict the rating of a specific item by an user.
– Retrieval modeling: learn a ranking over items for a user.

• Recommendations are typically based on:
– Past interactions
– Attributes (features) of users and/or items

• Interactions (interaction matrix):
– Explicit: user rates a song with 4 stars (scale 0–5).
– Implicit: user watches 80% of a movie.

• Attributes (feature matrices):
– Users: age, gender, location, etc.
– Items: text, video, metadata, etc.
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Modelling Interactions: Explicit feedback
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Modelling Interactions: Implicit feedback
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From explicit to implicit feedback
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From implicit to explicit feedback
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Modelling Attributes

10



Personalized Machine Learning

• Personalization is not a simple regression or classification problem.
• A personalized model implies that if a user has different interactions

(or attributes), the recommendation should change.
• Let au and ai denote the attribute vectors of user u and item i.
• We could use linear regression to predict how much user u will like

item i:

rui = ω⊤
[
au
ai

]

• Is this linear regression model truly personalized? No!
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Recommendation Algorithms
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Recommender as a Matrix
• Recommender systems can be modeled using matrices.

• The ratings are stored in a rating matrix R of dimension m × n, with entries from
R ∪ {?}.

• Example: a rating matrix for m = 4 users and n = 6 items:

R =


1 ? ? 2 ? 1
? 2 3 ? 2 1
1 5 5 ? ? 5
? ? 2 ? ? 3


• For example, user u1 rated items i1 and i6 with 1 star, item i4 with 2 stars, and has no

ratings for items i2, i3, and i5.

• Goal: predict the unknown entries ru,i =? using the observed ratings ru,i ̸=?.
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Idea of Matrix Factorization

• By matrix factorization, we usually mean expressing a given matrix R as the product
of two (or more) matrices with some non-trivial properties. For example:

R = UV⊤

• Such factorizations are a cornerstone of many algorithms and methods, and are
often used to obtain more numerically stable computations.

Do we need to know all entries of R in order to factorize it as R = UV⊤?
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Intuition Behind Matrix Factorization

• Inspired by SVD: learn latent features (i.e., dimensionality reduction).

• If U ∈ Rm×d and V ∈ Rn×d , then

UV⊤ ∈ Rm×n .

• Idea: Given the matrix R, find low-dimensional (d ≪ min(m,n)) U and V such that

R ≈ UV⊤

on the known entries.
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Matrix Factorization for Recommenders

• Let:

– ui be the i-th row of U ∈ Rm×d (one vector per user).
– vj be the j-th row of V ∈ Rn×d (one vector per item).
– Ω ⊆ {1, . . . ,m} × {1, . . . ,n} be the set of known ratings

(i, j).
• The predicted rating is:

r̂i,j = u⊤
i vj

i.e., the dot product of two d-dimensional latent vectors.
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Optimization Problem

• The approximation error is typically measured by the squared
residual:

(ri,j − u⊤
i vj)

2.

• We estimate U and V by solving:

argmin
U ,V

∑
(i,j)∈Ω

(ri,j − u⊤
i vj)

2 + λ

 m∑
i=1

∥ui∥2 +

n∑
j=1

∥vj∥2

 .
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Sparsity and Prediction

• The matrices U and V are optimized using only the known entries of
R (typically a small fraction of all entries).

• Example: Netflix Prize (2006)
– m ≈ 500,000 users, n ≈ 17,000 movies
– |R| = m × n ≈ 8.5 billion possible ratings
– Only ≈ 100 million ratings observed (about 1%)

• The product UV⊤ has the same size as R: but all entries are filled in.
• Unknown ratings are predicted as

r̂i,j = u⊤
i vj.
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Example

• Consider our toy example matrix from above:

R =


1 ? ? 2 ? 1
? 2 3 ? 2 1
1 5 5 ? ? 5
? ? 2 ? ? 3

 .

• Assume that we chose the hyperparameter d = 2, i.e., we look for approximation
matrices U and V with dimensions 4 × 2 and 2 × 6, respectively.

• Let us pretend that the matrices resulting from the optimization are

U =


0.3 0.7
0.3 0.5
0.2 0.4
0.2 0.1

 and V⊤ =

(
1 10 11 10 4 20
1 −1 −2 −1 1 −4

)
.
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Example

• The resulting approximation is

UV⊤ =


0.3 0.7
0.3 0.5
0.2 0.4
0.2 0.1

(
1 10 11 10 4 20
1 −1 −2 −1 1 −4

)
=

=


1 2.3 1.9 2.3 1.9 3.2

0.8 2.5 2.3 2.5 1.7 4
0.6 1.6 1.4 1.6 1.2 2.4
0.3 1.9 2 1.9 0.9 3.6

 ,

where the red entries are the desired predictions

• E.g. the 3rd user predicted rating of the 4th item is r̂3,4 = 1.6.
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Supervised Learning Task

• Parameters to learn: U ∈ Rm×d and V ∈ Rn×d .
• Hyperparameters:

– Regularization constant λ > 0, and...
– Latent dimension d ≪ min{m,n}.

• Hyperparameters are tuned via cross-validation.
• Given d and λ, we learn U and V by solving:

argmin
U ,V

∑
(i,j)∈Ω

(ri,j − u⊤
i vj)

2 + λ

 m∑
i=1

∥ui∥2 +

n∑
j=1

∥vj∥2

 .
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Alternating Least Squares (ALS)

• The idea of ALS is to alternately fix one of the matrices, U or V .
– The other matrix is treated as the optimization variable and is updated

by minimizing the objective.

• With one matrix fixed, the optimization problem becomes convex
and resembles a standard linear regression problem.

• Let us understand how this mechanism works.
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Alternating least squares (ALS)

22



Alternating Least Squares (ALS)

• For a fixed V , we solve for each user i:

min
ui

∥RΩi − VΩi ui∥2 + λ∥ui∥2

• This is a convex problem with closed-form solution:

ûi =
(

V⊤
Ωi VΩi + λI

)−1
V⊤

Ωi RΩi

Alternating Least Squares (ALS)
Initialize U and V randomly.

• While not converged:

– For all i ∈ U , update ui
– For all j ∈ I, update vj23



Matrix Factorization for Implicit Feedback

• In real-world applications, we often observe much more implicit
feedback than explicit feedback.

• Even explicit feedback can sometimes behave like implicit.
• Suppose user i watched 40% of movie A and 80% of movie B.

Does this mean the user prefers B to A?
If so, does it mean the user likes B twice as much as A?

• The previous method is more suitable for explicit ratings. Why?
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Modeling Implicit Feedback

• Let us consider a more appropriate approach for implicit feedback.

• Assume a binary interaction matrix P:

P =


1 0 0 1 0 1
0 1 1 0 1 1
1 1 1 0 0 1
0 0 1 0 0 1

 .

• If user i interacted with item j, then Pi,j = 1; otherwise Pi,j = 0.

• Let C be a matrix representing the confidence in each interaction:

C =


0.85 0 0 0.34 0 0.98

0 0.37 0.10 0 0.63 0.01
0.45 0.42 0.43 0 0 0.23

0 0 0.26 0 0 0.88

 .
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Collaborative Filtering for Implicit Feedback

• We propose the following optimization problem:

min
U ,V

m∑
i=1

n∑
j=1

Cij(Pij − u⊤
i vj)

2 + λ

 m∑
i=1

∥ui∥2 +

n∑
j=1

∥vj∥2


• Two main differences from standard matrix factorization:

– We weight errors by confidence Cij.
– We optimize over all user–item pairs (i, j), not only observed ones.

• The problem can be solved using gradient descent.

• And ALS? If we fix V , can we still compute ui?
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Closed Form

• Assume V is fixed and we want to find ui .

• We need to solve:
min

ui

∑
j

Cij(Pij − u⊤
i vj)

2 + λ∥ui∥2

• This is equivalent to:

min
ui

∑
j

(√
Cij(Pij − u⊤

i vj)
)2

+ λ∥ui∥2

Exercise: Find the closed-form solution.
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Alternating Least Squares (ALS)
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Closed Form

• Therefore is the same of solving:

Li = ||
√

CiPi −
√

CiVui ||2 + λ||ui ||2

• Taking the derivative

∇ui = −2(
√

CiV )⊤(
√

CiPi −
√

CiVui) + 2λui

• Remind if D is diagonal D =
√

D ×
√

D is trivial and D = D⊤

• Therefore, with just some algebraic derivations

ui = (V⊤CiV + λI)−1V⊤CiPi
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How Do We Generate Recommendations?
• After learning U and V , we can compute predicted scores:

r̂i,j = u⊤
i vj.

• For a given user i:

– Compute the score vector
r̂i = Vui

(scores for all items).
– Remove items the user has already interacted with.
– Sort the remaining items by predicted score.
– Recommend the top-k highest-scoring items.

Recommendation = Top-k non-observed items with highest predicted scores
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