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Preface

This book is a development of lectures given by the author numerous times at
the University of Colorado, and once at the University of California, Berkeley. A
large portion was written while the author worked at the Forschungsinstitut fur
Mathematik, Eidgennossische Technische Hochschule, Ziirich.

A detailed description of the contents of the book, notational conventions, etc. .
is found at the end of the introduction.

The author’s main professional debt is to Alfred Tarski, from whom he learned
logic. Several former students have urged the author to publish such a book as this;
for such encouragement 1 am especially indebted to Ralph McKenzie.

I wish to thank James Fickett and Stephen Comer for invaluable help in finding
(some of the) errors in the manuscript. Comer also suggested several of the
exercises. '

J. Donald Monk
October, 1975
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Introduction

Leafing through almost any exposition of modern mathematical logic,
including this book, one will note the highly technical and purely mathe-
matical nature of most of the material. Generally speaking this may seem
strange to the novice, who pictures logic as forming the foundation of mathe-
matics and expects to find many difficult discussions concerning the philos-
ophy of mathematics. Even more puzzling to such a person is the fact that
most works on logic presuppose a substantial amount of mathematical back-
ground, in fact, usually more set theory than is required for other mathe-
matical subjects at a comparable level. To the novice it would seem more
appropriate to begin by assuming nothing more than a general cultural
background. In this introduction we want to try to justify the approach used
in this book and similar ones. Inevitably this will require a discussion of the
philosophy of mathematics. We cannot do full justice to this topic here, and
the interested reader will have to study further, for example in the references
given at the end of this introduction. We should emphasize at the outset
that the various possible philosophical viewpoints concerning the nature or
purpose of mathematics do not effect one way or the other the correctness
of mathematical reasoning (inciuding the technical results of this book). They
do effect how mathematical results are to be intuitively interpreted, and which
mathematical problems are considered as more significant.

We shall discuss first a possible definition of mathematics, and then turn
to a deeper discussion of the meaning of mathematics. After this we can in
part justify the methods of modern logic described in this book. The intro-
duction closes with an outline of the contents of the book and some comments
on notation.

As a tentative definition of mathematics, we may say it is an a priori, exact,
abstract, absolute, applicable, and symbolic scientific discipline. We now



Introduction

consider these defining characteristics one by one. To say that mathematics
is @ priori is to say that it is independent of experience. Unlike physics or
chemistry, the laws of mathematics are not laws of nature or dependent upon
laws of nature. Theorems would remain valid in other possible worlds, where
the laws of physics might be entirely different. If we take mathematical
knowledge to mean a body of theorems and their formal proofs, then we can
say that such knowledge is independent of all experience except the very
rudimentary process of mechanically checking that the proofs are really
proofs in the logical sense—lists of formulas subject to rules of inference.
Of course this is a very limited conception of mathematical knowledge, but
there can be little doubt that, so conceived, it is a priori knowledge. Depending
on one’s attitude towards mathematical truth, one might wish to broaden
this view of mathematical knowledge; we shall discuss this later. Under
broadened views, it is certainly possible to challenge the a priori nature of
mathematics: see, e.g., Kalmar [6] (bibliography at the end of this intro-
duction).

Mathematics is exact in the sense that all its terms, definitions, rules of
proof, etc. have a precise meaning. This is especially true when mathematics
is based upon logic and set theory, as it is customary to do these days. This
aspect of mathematics is perhaps the main thing that distinguishes it from
other scientific disciplines. The possibility of being exact stems partially from
its @ priori nature. It is of course difficult to be very precise in discussing
empirical evidence, because nature is so complex, difficult to classify, obser-
vations are subject to experimental error, etc. But in the realm of ideas
divorced from experience it is possible to be precise, and in mathematics one
is precise. Of course some parts of philosophical speculation are concerned
~ with a priori matters also, but such speculation differs from mathematics in
not being exact.

Another distinguishing feature of mathematical discourse is that it is
generally much more abstract than ordinary language. One of the hallmarks
of modern mathematics is its abstractness, but even classical mathematics is
very abstract compared to other disciplines. Number, line, plane, etc. are not
concrete concepts compared to chairs, cars, or planets. There are different
levels of abstractness in mathematics, too; one may contemplate a progression
like numbers, groups, universal algebras, categories. This characteristic of
mathematics is shared by many other disciplines. In physics, for example,
discussion may range from very concrete engineering problems to possible
models for atomic nuclei. But in mathematics the concepts are a priori,
already implying some degree of abstractness, and the tendency toward
abstractness is very rampant. ;

Next, mathematical results are absolute, not revisable on the basis of
experience. Again, viewing mathematics just as a collection of theorems and
formal proofs, there is little to quarrel with in this statement. Thus we see
once more a difference between mathematics and experimental evidence; the
latter is certainly subject to revision as measurements become more exact.
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Of course the appropriateness of a mathematical discipline for a given
empirical study is highly subject to revision. Experimental evidence and a
posteriori reasoning hence piay a role in motivation for studying parts of
mathematics and in the directions for mathematical research. One’s attitude
toward the absoluteness of mathematics is also colored by differing commit-
ments to the nature of mathematical truth (see below).

A feature of mathematics which is probably not inherent in its nature is
its applicability. A very great portion of mathematics arises by trying to give
a precise mathematical theory for some concrete, perhaps even nonmathe-
matical, situation. Of course geometry and much of classical mathematics
arose in this way from special intuition derived from actual sense evidence.
Also, logic owes much to this means of development; formal languages arose
from less formal mathematical discourse, the notion of Turing machine from
the intuitive notion of computability, etc. Many very abstract mathematical
disciplines arose from an analysis of less abstract parts of mathematics, and
may hence be subsumed under this facet of the discipline; group theory and
algebraic topology may be mentioned as examples. This aspect of mathematics
is emphasized in Rogers {12], for example.

Finally, the use of symbelic notation is a main characteristic of mathe-
matics. This is connected with its exact nature, but even more connected
with the development of mathematics as a kind of language. In fact, mathe-
matics is often said just to be a language of a special kind. Most linguists
would reject this claim, for mathematics fails to satisfy many of their criteria
for a language, e.g., that of universality (capability of expressing usual events,
emotions, ideas, etc. which occur in ordinary life). But mathematics does
have many features in common with ordinary languages. It has proper
names, such as = and ¢, and many mathematical statements have a subject—
predicate form. In fact, almost all mathematical statements can be given an
entirely nonsymbolic rendering, although this may be awkward in many cases.
Thus mathematics can be considered as embedded in the particular natural
language—English, Russian, etc.—in which it is partially expressed. But
also mathematics can, in principle, be expressed purely symbolically; in-
deed, a large portion of mathematics was so expressed in Russell and
Whitehead’s Principia Mathematica.

Now we turn to a discussion of the nature of mathematical truth. We shall
briefly mention three opposed views here: platonism, formalism, and in-
tuitionism. The views of most mathematicians as to what their subject is all
about are combinations of these three. On a subjective evaluation, we would
estimate the mathematical world as populated with 65%, platonists, 307,
formalists, and 59 intuitionists. We describe here the three extremes. There
are (perhaps) more palatable versions of all three.

According to extreme platonism, mathematical objects are real, as real as
any things in the world we live in. For example, infinite sets exist, not just
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as a mental construct, but in a real sense, perhaps in a *“hyperworld.” Simi-
larly, nondenumerable sets, real numbers, choice functions, Lebesgue measure,
and the category of all categories have a real existence. Since all of the mathe-
matical objects are real, the job of a mathematician is as empirical as that
of a geologist or physicist; the mathematician looks at a special aspect of
nature and tries to discover some of the facts. The various mathematical
statements, like the Riemann hypothesis or the continuum hypothesis, are
either true or false in the real world. The axioms of set theory are axioms in
the Greek sense—self-evident statements which form a partial basis to deduc-
tively arrive at other truths. Hence such results as the independence of the
continuum hypothesis relative to the usual set-theoretical axioms force the
platonist into a search for new insights and intuitions into the nature of sets
so as to decide the truth or falsity of those statements which cannot be
decided upon the basis of already accepted facts. Thus for him the inde-
pendence results are not results about mathematics, but just about the
formalization of mathematics. This view of mathematics leads to some
revisions of the “‘definition” of mathematics we gave earlier. Thus it no
longer is independent of empirical facts, but is a$ empirical as physics or
chemistry. But since a platonist will still insist upon the absolute, immutable
nature of mathematics, it still has an @ priori aspect. For more detailed
accounts of platonism see Mostowski {10] or Gédel [3].

In giving the definition of mathematics we have implicitly followed the
view of formalists. A formalist does not believe that any mathematical
objects have a real existence. For him, mathematics is just a collection of
axioms, theorems, and formal proofs. Of course, the activity of mathematics
is not just randomly writing down formal proofs for random theorems. The
choices of axioms, of problems, of research directions, are influenced by a
variety of considerations—practical, artistic, mystical—but all really non-
mathematical. A revised version of platonism is to think of mathematical
concepts not as actually existing but as mental constructs. A very extensive un-
derstructure for much of formalism is very close to this version of platonism—
the formal development of a mathematical theory to correspond to certain
mental constructions. Good examples are geometry and set theory, both of
which have developed in this way. And all concept analysis (e.g., analyzing
the intuitive notion of computability) can be viewed as philosophical bases for
much formal mathematics. Another motivating principle behind much
formalism is the desire to inter-relate different parts of mathematics; for
example, one may cite the ties among sentential logic, Boolean algebra,
and topology. Thus while mathematics itself 1s precise and formal, a mathe-
matician is more of an artist than an experimental scientist. For more on
formalism, see Hilbert [5], A. Robinson [11], and P. Cohen [2]. For another
discusston of platonism and formalism see Monk [9].

Intuitionism is connected with the constructivist trend in mathematics:
a mathematical object exists only if there is a (mental) construction for it.
This philosophy implies that much ordinary mathematics must be thrown



Introduction

out, while platonism and formalism can both be used to justify present day
mathematics. Even logical principles themselves must be modified on the
basis of intuitionism. Thus the law of excluded middle—for any statement A,
either A holds or (not A) holds—is rejected. The reasoning here goes as
follows. Let A, for example, be the statement that there are infinitely many
primes p such that p + 2 is also a prime. Then A4 does not presently hold,
for we do not possess a construction which can go from any integer m given
to us and produce primes p and p + 2 with m < p. But (not A) also does not
hold, since we do not possess a construction which can go from any hypo-
thetical construction proving 4 and produce a contradiction. One may say
that intuitionism is the only branch of mathematics dealing directly with real,
constructible objects. Other parts of mathematics introduce idealized con-
cepts which have no constructive counterpart. For most mathematicians this
idealism is fully justified, since one can make contact with verifiable, applicable
mathematics as an offshoot of idealistic mathematics. See Heyting [4] and
Bishop [1].

Now from the point of view of these brief comments on the nature of
mathematics let us return to the problem of justifying our purely technical
approach to logic. First of all, we do want to consider logic as a branch of
mathematics, and subject this branch to as severe and searching an analysis
as other branches. It is natural, from this point of view, to take a no-holds-
barred attitude. For this reason, we shall base our discussion on a set-
theoretical foundation like that used in developing analysis, or algebra, or
topology. We may consider our task as that of giving a mathematical analysis
of the basic concepts of logic and mathematics themselves. Thus we treat
mathematical and logical practice as given empirical data and attempt to
develop a purely mathematical theory of logic abstracted from these data.
Our degree of success, that is, the extent to which this abstraction corresponds
to the reality of mathematical practice, is a matter for philosophers to discuss.
It will be evident also that many of our technical results have important
implications in the philosophy of mathematics, but we shall not discuss these.
We shall make some comments concerning an application of technical logic
within mathematics, namely to the precise development of mathematics.
Indeed, mathematics, formally developed, starts with logic, proceeds to set
theory, and then branches into its several disciplines. We are not in the main
concerned with this development, but a proper procedure for such a develop-
ment will be easy to infer from the easier portions of our discussion in this
book.

Inherent in our treatment of logic, then, is the fact that our whole discus-
sion takes place within ordinary intuitive mathematics. Naturally, we do not
develop this intuitive mathematics formally here. Essentially all that we pre-
suppose Is elementary set theory, such as it 1s developed in Monk [8] for
example. (See the end of this introduction for a description of set-theoretic
notation we use that is not standard.) Since our main concern in the book is
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certain formal languages, we thus are confronted with two levels of language
in the book: the informal metalanguage, in which the whole discussion takes
place, and the object languages which we discuss. The latter will be defined,
in due course, as certain sets (!), in keeping with the foundation of all mathe-
matics upon set theory. It is important to keep sharply in mind this distinction
between language and metalanguage. But it should also be emphasized that
many times we take ordinary metalanguage arguments and *“translate’ them
into a given formal language; see Chapter 17, for example.

Briefly speaking, the book is divided up as follows. Part 1 is devoted to
the elements of recursive function theory—the mathematical theory of
effective, machine-like processes. The most important things in Part I are
the various equivalent definitions of recursive functions. In Part II we give a
short course in elementary logic, covering topics frequently found in under-
graduate courses in mathematical logic. The main results are the completeness
and compactness theorems. The heart of the book is in the remaining three
parts. Part IIl treats one of the two basic questions of mathematical logic:
given a theory T, is there an automatic method for determining the validity of
sentences in 7’7 Aside from general results, the chapter treats this question
for many ordinary theories, with both positive and negative results. For
example, there is no such method for set theory, but there is for ordinary
addition of integers. As corollaries we present celebrated results of Gaédel
concerning the incompleteness of strong theories and the virtual impossibility
of giving convincing consistency proofs for strong theories. The second basic
question of logic is treated in Part IV: what is the relationship between
semantic properties of languages (truth of sentences, denotations of words,
etc.) and formal characteristics of them (form of sentences, etc.)? Some im-
portant results of this chapter are Beth’s completeness theorem for definitions,
Lindstrom’s abstract characterization of languages, and the Keisler-Shelah
mathematical characterization of the formal definability of classes of struc-
tures. In both of these chapters the languages studied are of a comprehensive
type known as first-order languages. Other popular languages are studied in
Part V, e.g., the type theory first extensively developed by Russell and
Whitehead and the languages with infinitely long expressions.

Optional chapters in the book are marked with an asterisk *. For the
interdependence of the chapters, see the graph following this introduction.
The book is provided with approximately 320 exercises. Difficult or lengthy
ones are marked with an asterisk *. Most of the exercises are not n'messar}r
for further work in the book; those that are are marked with a prime ’. The
end of a proof is signaled by the symbol [].

As already mentioned, we will be following the set-theoretical notation
found in [8]. For the convenience of the reader we set out here the notation
from [8] that is not in general use. For informal logic we use * =" for *‘im-
plies,” “*<=="" or “iff” for *if and only if,” “—* for “not,” “¥* for “for
all,”” and **3™ for *““there exists.” We distinguish between classes and sets in
the usual fashion. The notation {x : ¢(x)} denotes the class of all sets x such
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that ¢(x). Inclusion and proper inclusion are denoted by € and < respec-
tively. The empty set is denoted by 0, and is the same as the ordinal number
0. Welet A ~ B={x:x€ A, x¢ B}. The ordered pair (a, b) is defined by
(a, b) = {{a}, {a, b}}; and (a4, b, ¢) = ((a, b), ¢), (a, b, ¢, d) = ((a, b, c), d), etc.
A binary relation is a set of ordered pairs; ternary, quaternary relations are
defined similarly. The domain and range of a binary relation R are denoted
by Dmn R and Rng R respectively. The value of a function f at an argument a
is denoted variously by °f, .f, % fa, fa, f(a); and we may change notation
Jrequently, especially for typographical reasons. The symbol {z(i}:ie I) de-
notes a function fwith domain [ such that fi = +(i) for all i € [. The sequence
{Xgs ..y Xm_1> 15 the function with domain m and value x; for each i e m.
The set 4B is the set of all functions mapping 4 into B. An m-ary relation is a
subset of ™4, for some 4. Thus a 2-ary relation is a set of ordered pairs,
{x, ¥>. By abuse of notation we shall sometimes identify the two kinds of
ordered pairs, of binary relations, ternary relations, etc. We write f*4 for
{fa:ac A). The notations f: A — B,f: A B, f: A>> B,and f: A>» B mean
that fis a function mapping A4 into (onto, one-one into, one-one onto respec-
tively) B. The identity function (on the class of all sets) is denoted by I. The
restriction of a function F to a set A is denoted by F [ A. The class of all
subsets of A4 is denoted by SA4. Given an equivalence relation R on a set A,
the equivalence class of @ € A is denoted by [a]; or [a], while the set of all
equivalence classes is denoted by 4/R. Ordinals are denoted by small Greek
letters o, 8, ¥, ..., while cardinals are denoted by small German letters
m, n, . ... The cardinality of a set 4 is denoted by |A|. The least cardinal
greater than a cardinal m is denoted by m*. For typographical reasons we
sometimes write (exp (m, n) for m" and exp m for 2™.

One final remark on our notation throughout the book: in various sym-
bolisms introduced with superscripts or subscripts, we will omit the latter when
no confusion is likely (e.g., [a]r and [a] above).
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Turing Machines

In this chapter we shall present a popular mathematical version of
effectiveness, Turing computability, which will form our main rigorous basis
for the mathematical discussion of effectivity. Actually in this section we
present only some of the basic definitions concerning Turing machines and
some elementary results which both illuminate these definitions and form a
basis for later work. The definition of Turing computability itself is found
in Chapter 3. After giving the formal definition of a Turing machine we
discuss briefly the motivation behind the definition.

In our exposition of Turing machines we follow Hermes [2] rather closely.
A Turing machine (intuitively) consists of a mass of machinery, a reading
head, and a tape infinite in both directions. The machine may be in any of
finitely many internal states. The tape is divided up into squares called fields
of the tape (see figure).

i L] N i1

it — reading head Bt

Mass of
machinery

The machine proceeds step by step. At a given step it takes an action depend-
ing on what state it is in and upon what it finds on the field that the reading
head is on. We allow only two symbols, 0 and 1, to be on a given field, and all
but finitely many of the fields have 0 on them. These are the actions the
machine can take:

(1) Write 0 on the given field (first erasing what is there).
(2) Write 1 on the given field (first erasing what is there).

14 -



Chapter 1: Turing Machines

(3) Move tape one square to the right.
(4) Move tape one square to the left.

(5) Stop.

We now want to make this rigorous.

Definition 1.1. A Turing machine is a matrix of the form

¢ 0 o d,
e 1 vy dy
¢ 0 vy d,
g 1 1y d,

Crm 0 Vam-1 dﬂm-l
Cm ]- Ugm dﬂm

where: ¢y, ..., ¢, are distinct members of w, vy,..., 0., €{0, 1, 2, 3, 4}
and dy, ..., don€{c1,. .., Cn}. €1, .. .,0n are called states. ¢, is called the
initial state of the machine.

We think of a row ¢; « v; d; of this matrix as giving the following informa-

tion: when the machine is in state ¢; and scans the symbol e on the tape, it
takes action v; and then moves into state d,. Here the action given by v, is

as follows:

vy = 0: write 0 on scanned square;

v; = 1: write ] on scanned square;

v; = 2: move tape one square to the right;
vy = 3: move tape one square to the left;
v; = 4: stop.

To make this precise, we proceed as follows:

Definition 1.2. Let Z be the set of all (negative and nonnegative) integers.

A tape description is a function F mapping Z into {0, 1} which is 0 except
for finitely many values. A configuration of a given Turing machine 7T
is a triple (F, d, e) such that F is a tape description, d is a state, and ¢ is
an integer (which tells us, intuitively, where the reading head is). A com-
putation step of T is a pair ((F, d, e), (F’, d’, €')) of configurations such

-
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that: if the line of the Turing machine beginning with (d, Fe)is (d, Fe, w, f),
then:

ifw=0 then F'=F§, d =f ¢ =e;
ifw=1 then F'=F% d =f ¢ =e;
ifw=2 then F'=F, d=f e =e—1;

ifw=3 then FF=F, d =f e=e+ 1

Here F¢ is the function (F ~ {(e, Fe)}) U {(e, €)}. Thus F{ is the tape
description acting like F except possibly at e, and Fie = . A computation
of T is a finite sequence {(Fy, do, €0), - - - » (Fs dms €n)> Of configurations
such that d, = ¢,, (F,, d;, €), (Fi+1, di51, €41)) is a computation step for
each i < m, and the row of the Turing machine beginning (d,,, Fe,) has
4 as its third entry.

The way a Turing machine runs has now been described. To compute a
function f, roughly speaking we hand the machine a number x and it produces
fx as an output. Since only zeros and ones appear on a tape, we cannot literally
hand x to the machine; it must be coded by zeros and ones. The mathematically
most obvious way of coding x is to use its binary represeniation as a “‘deci-
mal’ with base 2. However, this is inconvenient, in view of the very primitive
operations which a Turing machine can perform. We elect instead to represent
x by a sequence of x + 1 one’s. (This is sometimes called the tally notation.)
The extra “one™ is added in order to be able to recognize the code of the
number zero as different from a zero entry on the tape whose purpose is just
as a blank. The precise way in which functions are computed by a Turing
machine will be defined in Chapter 3. In this chapter we want to see how
these rather primitive looking machines can nevertheless perform some
intricate operations on strings of zeros and ones. These results will be useful
in Chapter 3 and Jater work.

Using the intuitive notion of coding we can argue as follows that Turing
machines are really quite powerful: We have seen informally how to represent
any number on a tape. A sequence of numbers can be represented by putting
blanks (zeros) between the strings of ones representing the numbers. By using
two blanks one can code several blocks of numbers, or one can use the two
blanks to recognize a portion of the tape set aside for a special purpose. By
repeated adjoining of a one, it is possible to add with a Turing machine; and
by repeated addition, one can multiply. Since a new state depends on the
currently scanned symbol, it is possible to set up different actions depending
upon what is on the tape. And we are not really restricted to just one square
in this decision making, since by using several states we can examine any
restricted portion of the tape.

In the general theory of Turing machines, one allows several symbols
instead of just 0 and 1 (see, e.g., [2]). However, it is clearly possible to code
these different symbols by different strings of 1’s. Several tapes may also be
allowed. Again such a modification can be coded within our machines; in

- -



Chapter 1: Turing Machines

the case of two tapes, for example, one may instead use odd and even
numbered squares on a single tape.

These intuitive comments on the strength of Turing machmes of course
would require proof, Some of them will be proved later, and we hope that
they will all seem plausible after we have worked with Turing machines a
while. For a more detailed argument on the strength of Turing machines see
the introduction to [2].

Definition 1.3. 7, is the following machine:

D 8 2 1
k2 1
1 0 4 1
1 1 4 1

Proposition 1.4. For any tape description F and any eeZ, {(F,0,e),
(F, 1, e — 1)) is a computation of Trygy:.

Thus Ty, merely moves the tape one square to the right, and then stops.

Definition 1.5. T is the following machine;

0 0 3 1
01 3 1
1 0 4 1
I .E & 1

Proposition 1.6. For any tape description F and any eeZ, {(F,0,e),
(F, 1, e + 1)) is a computation of Tieq.

Thus 7)., moves the tape one square to the left and then stops.

Definition 1.7. T, is the following machine:
0 0 40
0 1 0 0
Proposition 1.8. For any tape description F and any e € , (i) if Fe = 0, then
{(F, 0, e)) is a computation of Ty; (ii) if Fe = 1, then {(F, 0, e), (F§, 0, €)>

is a computation of Ty. Thus T, writes a O if a zero is not here, but does not
move the tape.
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Definition 1.9. 7 is the following machine:

0010
01 40

Proposition 1.10. For any tape description F and any e € Z, (i) if Fe = 0, then
{(F, 0, e), (F5, 0, e) is a computation of Ty; (i) if Fe = 1, then {(F, 0, e)>
is a computation of Ty. T, writes a | if a 1 is not there, but does not move
the tape.

Definition 1.11. If g 1s any set and m € w, let @™ be the unigue element of
m{a}. Thus a™ is an m-termed sequence of a’s, a™ = (a,a,...,a) (m
times). If x and y are finite sequences, say x = {xq,..., Xm-,> and y =

<yﬂ'l LY yn-l): we let Xy = <x0, ceesXm—1s Vos -« -s yn—1>~ Frequent]}f we
write a for {(a}.

Definition 1.12. T}, 15 the following machine:

0 0 21
01 2 1
1 0 41
1 1 160

A computation with 7.0 can be indicated as follows, where we use an
obvious notation:

e n l{m] a
h

— 01" V1g
M

—01"A11a
A

01 11 g
A

I L P
A

1
Reading head

Thus Teeexo finds the first O to the left of the square it first looks at and
stops at that 0. In this and future cases we shall not formulate an exact
theorem describing such a fact; we now feel the reader can in principle
translate such informal statements as the above into a rigorous form.
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Definition 1.13. T, i 0 Is the following machine:
0 0 3 1
01 3 1
1 0 4 1
1 110

T, seexco finds the first O to the right of the square it first looks at and stops
at that 0.

Definition 1.14. T, 1S the following machine:

e o 2 1
01 2 1
1 0 00
1 1 4 1

T} seexc1 finds the first 1 to the left of the square it first looks at and stops
at that 1. It may be that no such 1 exists; then the machine continues forever,
and no computation exists.

Definition 1,15, 7, ..., is the following machine:
0 0 3 1
01 3 1
1 0 0 0
1 1 & 1

T, seexc1 finds the first 1 to the right of the square it first looks at and stops
at that 1. But again, it may be that no such | exists.

Definition 1.16. Suppose M, N, and P are Turing machines with pairwise
disjoint sets of states. By M — N we mean the machine obtained by
writing down N after M, after first replacing all rows of M of the forms
(c04d4dyor(c' 14 d)bytherows(c, 00 e)or(c’ 1 1 e) respectively,
where e is the initial state of N. By

M irg N

3

we mean the machine obtained by writing down M, then N, then P, after
first replacing all rows of M of the forms (¢ 0 4 d) or (¢’ 1 4 d’) by the
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rows (c 0 0 &) or (¢" 1 1 €') respectively, where ¢ is the initial state of
N and ¢’ is the initial state of P.

Obviously we can change the states of a Turing machine by a one-one
mapping without effecting what it does to a tape description. Hence we can
apply the notation just introduced to machines even if they do not have
pairwise disjoint sets of states. Furthermore, the above notation can be
combined into large “flow charts” in an obvious way.

Definition 1.17. 7,..x, is the following machine:

Start

1 e s

irg if 0 4 it D ]
Tright. : riﬁl__} Iieft ; irj_“_:" TI&&EH:I — TD"}' Tright ¥ l_""Tfseekl _"TD

N |

Stop i Rm— y —
| l
e Ty
| l
Tr gealc 1 TTI seek 1

(Here by Tyigns i Stop we mean that the row (1 1 4 1) of T,y 18 not to

be changed.)

This machine just finds a 1 and stops there. It must look both left and
right to find such a 1; I’s are written (but later erased) to keep track of how
far the search has gone, so that the final tape description is the same as the
initial one. If the tape is blank initially the computation continues forever.

Since this is a rather complicated procedure we again indicate in detail a
computation using 7.....,. First we have two trivial cases:

Starting with 1 a Starting with 0 1
A A
1 a 0
A
l a 1
A

[
S DO D B e 30 D
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In the nontrivial case we start with — 0™ ( g —:m > 0:
A
Start
Oum 0 O
A
Qm-1) 0 Qtn+1)
A
ﬁ[m—l) 1 {Fn+1]
A
om-1 0 O™
I
O(m—i} ] D{Eiwﬂ) {} U(n—l-l- 1)
A
om-o 02~ | gr-t+D)
A
Om-9 | (%= | gn-f+D)
A
O{TI"I-—ﬂ U 0(2!-2.'! I 0('1—’-!-1]
A L]
Qm-i-1 @ Q@i-1 | gm-i+D
A
Om-i-1 ] 0{2:-1} 1 Om—t+D
A
Oim=-1-1) | 0= | gm-i+D
A
Qm-t-1 1 02t~ On-i+D
A
G(m-i—u l U{Bi} O Um-ﬁ
A

Here i = 1 initially, and the portion beyond (m-1 1 (2~ 2’{] O =+1) takes
place only if i < m and i < n. Thus, if we start with — 1 0‘*“’ D 0™ —, and

n + 1 > m, we end as follows (setting i = m):

11 0@em-2 0 Qin-m+1)
A
1 1 (f2m-2) I Oin—m+1)
A
1 1 0(2#1 2) 1 U(ﬂ—m-l-]}
A
l 0 0(2»1—-2} 1 0{n—m+11
A
1 D{Emul) 1 Oin-m+1)
A
l D{Em—l} ] ﬂtn-—m-}l‘:
M
1 G(Em—-l) 0 n-m+1)
A
1 C,(n+m+1'.i
A

n
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On the other hand, if we start with — 0™ 00™ | -—, andn + | < m we end

A
as follows (setting i = n + 1):
ges=n=1] Q= 01
A
UETH“!'I--]-.'I l 0(211) l l
A

gm==-D | gew | |
A

Om=n-1 0 0@ 1 |
O[m—n.—ﬂ} ; (fen+1) 1 1
D(m—n-ﬂ}‘: (Q@En+1) 1 ]
Om-n-2 | (an+D) : 1

U(m-—n+2: 1 0{2n+1) 1

Oim-—n—ﬂ} 1 {}(211.-1-2)

= 0 >

D{m—n—ﬂ) 1 0(2ﬂ+2]' 1
A

O{m—n--ﬂl U 0{2n+2} l
A

0(m+n+1} 1
A

Definition 1.18. 7.4 is the following machine:

irt
o ir0
Start — T} peexc0 — Trigne —> Trere

T,ena Moves the tape to the right until finding 00, and stops on the right-
most of these two zeros. T}.,a does not start counting zeros until moving
the tape.

Definition 1.19. T,,., is the following machine:

if 1
iro
Start _}Tr seek 0 T.‘let't. —* dright

T, ena moves the tape to the left until finding 00, and stops on the left-most
of these two zeros. T,..q does not start counting zeros until moving the
tape.

22 N
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Definition 1.20. T},,... is the following machine:

!

if 1 y
Start —+'T|En, > Tlcft_ —¥ To — A pight s ?1

L

Trlkhl-
The action of T},a. 18 indicated thus, in the case of interest to us:

a0 ]®+D g
A

a l'l'.h+1} 0 0
A
The tape is otherwise unchanged

Definition 1.21. 7)., is the following machine:

{ |

Start — T soerco —> Trlght, —ﬂl" Tu = T! Lrans

Jiro

-Ti trans

T} enire acts as follows in the case of interest to us:
P n I(x+1) 0 I(:H‘l) U
A

0 l(y+1) 6 0(x+2)
M

The tape to the left and right of this portion of x + y + 5 symbols is
unchanged.

Definition 1.22. T, is the following machine:

i if 1 T
Start — Tygeexo — Tright — Therr ~* Trseexo — Tismire

lim

?-'! trans

a2
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Ty, acts as follows in the case of interest to us:

= 0[2} 'I(xn+1} 0 1{;:1+11 0 --- 0 I{x{m—lu-l} 0 11‘.1.r+1} 0
M

. ]_{y+11 0 U{p}
M

wherep = xo + X, ++--+ Xn-1 +2m + 2. In case m = 0, it works like
this:

g oo RN RFETE ]
A

-

_ (WD U o
A

In each case the tape is otherwise unchanged. Here “fin™ abbreviates
“finish.”
This machine will be used at the end of computations to erase scratchwork.

Definition 1.23. Ty is the following machine:

il 1 pr i
Start — T'lscekﬂ 4 TJ.eft. S TD = Trnmun s Trsaa}:ﬂ = Tl — T, seek0 I seeco — fT;

lirﬂ

-'rr seak 0

Toops acts as follows:

e —— L 'D l{x-}-l) U 0(x+2]
M

I 0 liau-n 0 I<x+n 0
M

The tape is otherwise unchanged.

A machine M repeated m > 0 times will be indicated by M™ in our
» diagrams.

Definition 1.24. For n > 0, T, .o,y is the following machine:

"
Tr seek

if
- . ! i il o
Start — TPseeko = Tienn — To > Tlseexo ~* = Tlase > T
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Tacopy acts as follows:

) ]ix0+1) 0 1>+ p ... [{xn-1+1) 0 Ot=0+2
i
0 10+ () [*x1+D (g ... ( [*Ke-D+D () ... J&0+1D (
A

The tape is otherwise unchanged. This machine copies the nth block to the
left.
These are all the basic machines needed to compute functions. We shall

return to Turing machines after discussing some classes of number-theoretic
functions.
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EXERCISES

1.25.

1.26.

1.27.
1.28'.
1.29'.
1.30°.
131,
1.32.

1.33,
1.34.

Give an example of a Turing machine which gets in a loop—repeats some
configurations over and over.

Give an example of a Turing machine which never stops, but doesn’t get
in a loop.

Prove rigorously that 7}...ns does what is said in the text.
Prove rigorously that 7). does what is said in the text.
Prove rigorously that 7y, does what is said in the text.
Prove rigorously that T, does what is said in the text.
Prove rigorously that T}, ..,y does what is said in the text.

Show that there is no Turing machine which, started at an arbitrary
position, will find the left-most 1 on the tape.

Construct a Turing machine which will print the sequence 11001100. . ..

Construct a Turing machine that stops iff there are at least two one’s on
the tape.



Elementary recursive and
primitive recursive functions

To show that many number-theoretic functions are Turing computable,
it is convenient to distinguish some functions by closure conditions.

The class of elementary recursive functions which we shall now define in
this way 1s a class of intuitively effective functions which contains most of
the effective functions actually encountered in practice. However, not every
effective function is elementary recursive. Toward the end of the chapter we
introduce the wider class of primitive recursive functions, which still does not
cover all kinds of intuitively effective functions. In the next chapter we go
from primitive recursive functions to a class of functions, the recursive func-
tions, intuitively corresponding to the entire class of effective functions. An
elementary recursive function is just a function obtainable from the usual
arithmetic operations of addition, subtraction, multiplication, and division
by composition, summation, and multiplication. Most of this chapter is
concerned with listing out some elementary functions and with giving oper-
ations which lead from elementary functions to elementary functions. This is
necessary in order to be able to easily recognize that some of the rather
comphicated intuitively effective functions are, in fact, elementary recursive.
A more detailed treatment of the topics of this section can be found in
Péter [2].

Definition 2.1. A number-theoretic function is a function which is, for some
positive integer m, an m-ary operation on w. The class of elementary
recursive, or for brevity elementary functions, is the ntersection of all
classes 4 of number-theoretic functions such that, first of all, the following
specific functions are in A:

(1) +, the usual 2-ary operation of addition;
(2) -, the usual 2-ary operation of multiplication;

76 N
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(3) the 2-ary operation f such that f(m, n) = |m — n| for all m, n € w;
(4) the 2-ary operation f such that f(m,n) is the greatest nonnegative
integer <m/n (if n # 0), 0if n = 0; we denote f(m, n) by [m/n];
{3) for each positive integer n and each i < n, the n-ary operation f on w
such that forall xg, ..., x,_; € w, f(xq, . . ., Xn_1) = X;; fis denoted by
5 it 1s called an identity or projection function.

Second, and last, 4 is required to be closed under the following operations
upon number-theoretic functions:

(a) The operation of composition. If fis an m-ary function, and g, ...,
g.,- are n-ary functions, then the composition of fwith go, ..., gn-)
is denoted by K7 (f; g, - . -» €m_1); it is defined to be the n-ary function
h such that for all xg,..., x,_; € o,

ﬁ'{xn. (R -1.x11-1) =f(gﬂfxﬂ!' = xn—l]r' . ':gm—l{xm LS | xﬂ.—l}}'

(b) The operation of summation. If fis an m-ary function, then g (m-ary)
is obtained from f by summation, in symbols g = > f, if for all x,, .
'xl‘?:—l E o,

By i o5 Xoon) = 3 00wy Xy ) 3 9 % K}

[note that if m = | the definition reads.

gx= D> fy;
=X
for any m, we have g(x,, ..., x,,_3, 0) = 0 by convention].
(c) The operation of multiplication. If f is an m-ary function, then g
(m-ary) is obtained from f by multiplication, in symbols ¢ = || f, if
forall Xau. ... % 460,

g(x'ﬂ-! LR R xm—l} S l 1 {f(xlils sy Kmo2, _]’j} ¥y < xm—l}
[if x,,_, = 0, the right hand side is | by convention].

It should be evident that each elementary function is effectively calculable
in the intuitive sense. To convince oneself of this, it is enough to argue that
each of the functions (1)-(5) above is effectively calculable, and that the class
of effectively calculable functions is closed under the operations (a)—(c). For
(1)-(5). the ordinary school algorithms suffice for this argument. As to (a)—(c),
suppose, for example, that f, an m-ary function, is effectively calculable, and
we wish to show that > falso is. Given xq, . . ., X, € w, we merely calculate
PN b B O T e Bt L e R B Bin o 1), WhiRh
we can do since fis effectively calculable, and then we add them all up by the
school process, giving us (2 f)(xg, - . ., X 1)

Proposition 2.2.  Suppose fis m-ary, g, .. ., g, , are n-ary, and hg, . . ., hy 4
are p-ary. Then

K;'{K:f':figop --1gm—l);huv "‘!l'hn—l} = K;‘ [f; Kﬁ (gﬂ;hﬂ!-v-‘}hn—l}} ==y
ik W YRR T | 3

7
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Proor. If xg, ..., X, € w, then, with [ = left hand side and r = right hand
side,

Hxes s Xaos Vo= SR EUF ~ g ol i Ml o o )isspltycal(Xon s ovs =1 )
=f{gn(hﬂ{xﬂ: ey xp—l}s - e hn—l(xm ce-3 Xp -1)}: - ey
B kBl Koy g Yo vvas B thyin v 0 Xt 11
=f((KE (gﬂ ; I?Gt LIS ] hﬂ -1))[xl}1 ke -xp—l)i sy
(K; (gm—l > ﬁﬂ: ol S hn—l)}(xm s ary x-p-l])

=r(x0!---1 xp-.i)' Ll

The following theorem is the usual set-theoretical consequence of a
definition like 2.1.

Proposition 2.3. A number-theoretic function f is elementary iff there is a
finite sequence {gq,...,8x-1y 0f number-theoretic functions such that
gi_1 = [, and for each i < k one of the following conditions holds:

{1 ) gi = +t
(ii) g = -,
(iii) g; = subtraction (in the sense of 2.1(3)),
(iv) g; = division (in the sense of 2.1(4)),
(v) g, = U7 for some n > 0, some j < n,
(vi) g is n-ary, and for some m > O there existj < iand ke, .. ., ky_y < i
such that g, is m-ary, 2o - - -+ Sum—1, are n-ary, and g, = Ky (g;;
Lios - - s Erom- 1) { 21 is obtained from earlier functions by composition),
(vii) there is a j < i such that g; = > (gy),
(viii} there is a j < i such that g; = [ ] (g;).

Proor. Let A be the set of all f such that there is a finite sequence of the
kind described in the theorem. By considering 1-termed sequences it is easy
to see that +, -, subtraction, division, and U} are all in A (for any n > 0
and j < n). Suppose f€ A, fis m-ary, hg, ..., hn €A, all of by, ..., by,
are n-ary. Choose a finite sequence <{gg, ..., g.-1 such that g,_, = f and
or each i < & one of the conditions (i)-(wiif) holds for g,. For each j < m
choose a fimte sequence </; o, ..., l; o;—17 such that [, ,;_, = &, and for each
i < a, one of the conditions (i)-(viii) holds for [;;. Then consideration of the
sequence

<gﬁr' -2 Br-1s "'I],Dr"': Iﬂ.nﬂ—h i "!"’fr! ~1,0% = = *»

fﬂ! I, a{m—1) K‘;: [f: hﬂi SRCET hm l})

shows that K (f: hg. ..., h,_1) e A. Thus A4 is closed under composition.
If fe A, so that a sequence g, ..., £, exists as in the theorem, then
consideration of {gg, ..., 8- > f>and {g;, ..., &1, [ | [ show that > f,
[1f€e A. Hence every elementary function appears in A. This proves —=_ If
fe A, with “gg, ..., g,y given as in the theorem, then 11 15 easily shown by
induction on i that g, is elementary for each i < k. In particular, f = g, _,
is elementary; this proves <. -

LT3 -
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We now proceed to show that many garden-variety number-theoretic
functions are elementary and that simple operations on elementary functions
again give elementary functions.

For later purposes it is convenient to formulate results of the second kind
in a more general way. A class 4 of number-theoretic functions is said to be
closed under elementary recursive operations provided A contains all the
elementary functions 2.1(1)—(5) and is closed under composition, summation,
and multiplication. Obviously the class of all elementary functions is closed

under elementary recursive operations, So will be all of the wider classes of
effective functions which we discuss later.

Proposition 2.4. Let A be closed under elementary recursive operations. If f
is m-ary and f € A, and = is a permutation of {0, . . ., m — 1}, then the m-ary

Junction g such that g(xq, ..., Xu-1) = f(Xnos + + s Xeom—1y) for all x,, . . .,
X, _1 Ewis also in A.

ProoF. g = KR(f; UZs ..., Upn-n)- &

i

Proposition 2.5 (Identification of variables). Let A be closed under ele-
mentary recursive operations. If f is m-ary, m > 1, and fe A, then the
(m — V)-ary function g such that g(xo, . .., Xp-2) = f(Xgs .. . Xm—g, Xo) fOF
all xos..., Xm—gEwisin A,

ProOF. g = K2_, (f;Ug~%,..., Up-4, Us-Y). O

By means of 2.4 and 2.5 variables can be identified in an arbitrary number
of places. Thus if fis 3-ary elementary, so is the function g with g(x, y) =
S(x, y, y), forif h(x, y, z) = f(y, x, ), his elementary by 2.4; letting k(x, y) =
h(x, y, x) for all x, y € w, k is elementary by 2.5, and g(x, y) = k(y, x) for all
X, ¥ € w, 50 g is elementary by 2.4. Usually it is just as easy in cases like this
to use the method of proof of 2.4 and 2.5.

Proposition 2.6 (Adjoining apparent variables). Ler A be closed under ele-

 mentary recursive operations. If f is m-ary and f € A, then the (m + 1)-ary
fﬂﬂﬂﬁﬂﬂ g such fhﬂ'f g('xl]: o x:m]' = f(xm AL xm—l)fﬂr ﬂ'H Xgy -+ -3 X €
isin A.

PROOF. g = Ko, (f; Ug*L,..., Usth. 0

Definition 2.7

() Forn > 0, m € w, C}, is the n-ary function such that C2 (xg, . . ., X, _,)
= mforall xo,..., x,_1 € w.
(if) sg and sg are unary functions; for x € w,

e 0 im=,
EX=1U1 ifx=0,
_x—{l if x =40,
ET Y0 iFxeb

29
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(iif) 4 is a unary function:

;ﬁx;{i_ml ;;i:g for all x € w.

(iv) By convention, 0° = 1, 0* = O for x # 0; 0! = 1.
(v) ¢ is a unary function: ox = x + 1 for all x € w.

Thus C? is the n-ary constant function with value m. The functions sg and
sg are of a technical usefulness. # is the predecessor function and ¢ the suc-
cessor function.

Proposition 2.8. The following functions are elementary:

(i) C (for n # 0)
(i) «
(iii) sg
(iv) sg
(v) exponentiation
(vi) factorial
(vii) #
PRrROOF
(1) C}is elementary: C} x = [x — x| for all x € w.
(2) sg is elementary: Sg x = [ [, <. C} », for all x e w.
(3) sg is elementary: sg x = sg 5g x for all x € w.
(4) Ciis elementary: C} x = §g C} x for all x € w.
(5) C} is elementary: (by induction on m) CL,, x = Ch x + Cl x for all
X € w.
(6) C is elementary: C¥ (Xg,-..s Xp-1) = Ch, US (Xgs ..., X,-,) for all
Xos -3 Xn_1 Ew,
(M) e:ax=x+ Cl x.
(8) exponentiation: x¥ = [ .., U2 (x, 2).
(9) factorial: x! = [ .., 9z
(10) : fx = |x — Cix|-sgx. 0

Definition 2.9

(i) By an m-ary number-theoretic relation (m > () we mean a set of
m-tuples of natural numbers. ™w is the set of all m-tuples of natural
numbers. As usual, we identify 'o and w, in an informal way.

(ii) If R is an m-ary number-theoretic relation, its characteristic function
¥g. 15 the m-ary number-theoretic function such that for all xg, . . .,
Xm—1 E w,

0
x!f(xﬂl T -xm—l) = {1

(iif) An m-ary number-theoretic relation R is elementary if yg is elementary.

if<xﬂu- LS | 1"'L'i':'1—~‘1> ¢Hs
if {xp,...9Xm_y>€ER.

3“_ -
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The definition 2.9(iii) is motivated by our intuitive feeling that a relation
R is effective iff y; is an effective function. In fact, if we have an effective
procedure for determining membership in R, then we can effectively calculate
xx as follows. Given any object g, determine whether a€ R or a ¢ R. In the
first case, yra@ = 1, and in the second case, yza = 0. Conversely, suppose we
have an effective procedure for calculating values of y;. Given any object a,
calculate yza. If yza = 1, then a€ R. If yga = 0, then a ¢ R.

Given any class A of number-theoretic functions, an m-ary number-
theoretic relation R is said to be an A-relation if x, € A.

Proposition 2.10. 0 and w are elementary; if x € w then {x} is elementary.

PrROOF. xo = C} and yx, = C}. If x€w, then for any yew, yuy =
sg (|x — y|); hence xy = SE(|C3 y — Ug y)). N

By 2.10, {x} is always on effectively decidable set. Intuitively speaking,
to check whether y € {x} we simply check if y = x (surely an effective matter).
As an example, let B = {0} if Fermat’s last theorem is true, while B = 0 if it
is false. B is an effectively decidable set, although we do not know now
whether 0 € B or not. Thus there is a decision procedure for membership in
B, but we don’t know what it is (it is either the obvious one for {0} or the
obvious one for 0).

Proposition 2.11. Let A be closed under elementary recursive operations. If R
and S are A-relations, then so are RN S, RU S, and "o ~ R.

Proor. For all Xoy -+ -5 Xm—1s XRHS(xﬂr LR xm—l) =3 XR(xEI! T ) xm—l)'XS(xﬂs
voos Xmo1)y Xa{Xo, - - s Xm—1) = SE xp(Xo, -« +» Xm-1), With T = "w ~ R, RU
S ="w~ [("w ~ R) N ("w ~ 5] u

Corollary 2.12. Every finite subset of w is elementary, and so is every cofinite
set.

Proposition 2,13. The binary relations <, <, >, =, # are elementary.
Proor. Forany x, ye w,

x<(x, y) = 5g [oxfoy] = §g [¢ U3 (x, y)/o Ui (x, y)].
Thus < is elementary. Further

x+(X, ¥) = sg (|x — y)),
80 # is elementary. Finally, < = (< U =), > = ((w ~ <), > = (2w ~ <),

== (Cw ~ #), N

Proposition 2.14 (Bounded existential quantifier). Let A be closed under
elementary recursive operations. Suppose R is an m-ary A-relation. Let

a1
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S ={{Xoy:..s Xn_1: thereisay < X,_, such that {xo,..., Xn_2, y> € R}.
Then S is an A-relation.

PRGGF. XE{X{],.+., .xm_;) = SEZ{XR(IG:'--; B .}’):y < xm—l}' E

Proposition 2.15 (Bounded universal quantifier). Let A be closed under
elementary recursive operations. Suppose R is an m-ary A-relation. Let
T = {{Xgy.:.s X1 JOr every y < Xp,_, we have {Xg, ..., Xny-2, ¥ € R}.
Then T is an A-relation.

Proor. let S be as in 2.14, with R replaced by ™w ~ R. Then T =
My ~ 8. ]

Definition 2.16 (Bounded minimum). Let R be an m-ary relation. For all
Ko« 5 Xnop Ew, Jet
the least y < x,,_, such that {xq,..., Xpn_9, > ER,
i T, M if there is such a y,
0 otherwise.

f(xﬂj LY | xm—l) iS denCltEd b}' n“'y < xm—IR(xU: daay xm—ﬂ: }r)‘

Proposition 2.17. Let A be closed under elementary recursive operations. If R
is an m-ary A-relation, then the function f of 2.16 is a member of A.

Proor. Note that

- 1 if (xgy- -5 Xpm-1,¥> ¢ Rforall y < i,
1 TRCRICR T e T — i
(1) se ,,Zﬁ X(Xo ¥m-2) {0 otherwise,

Let g(Xo---» Xm-3, ) = 88 2y<i Xal¥os - - +» Xm—2, ¥) for all xq, ..., X, g
i€ w. Thus g e A. From (1) we see that

| R, I, if there is a y <
z{g(xn,---,xm-z, #)od € Epo it =4 Fowchthat O, ... B o VER
> otherwise.

Hence
f(xﬂv s o xm-l) = 5—g g{xl}t bt xm—l)'z {g(-xﬂ: vy Xm—2, ‘”) . { = xm-—l}!
so fe A. LI

The rather technical proof of 2.17 may be compared with a proof of the
intuitive version of the proposition, which goes: if R is an m-ary effective
relation, then the function f of 2.16 is effective. In fact, to calculate
S(xo, . . .5 Xp—1), We test successively whether {x;, ..., Xn_2, 0> € R, {x,...,
Xm-2, 12 ER, ..., {X0y.. ., X_3, Xn_,» € R. If at some point we reach an i
such that {xq, ..., Xp_2, i) € R, we set f(x,,..., X,-1) = i and stop testing.
If we complete our testing without finding such an i we set f(xg, . .., Xn-1) = 0.

Proposition 2.18 (Definition by cases). Let A be closed under elementary
recursive operations. Suppose go,...,8n_1 are n-ary members of A,
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Chapter 2: Elementary recursive and primitive recursive functions

Ry, ..., R, are pairwise disjoint n-ary A-relations with \ ;. R = "w,
and [ is the n-ary function such that, for all x,, ..., x,_; € w,

gﬂ[xl]r'--:lxn—l) 'if(xﬂ:~ -~:xn—1>ER0s

O W v O ot O

Then fc A.
Proor. Forany x,,...,X,_, Ew,

ﬁ:xm +aey x‘il'l—l) = XRU(XI‘J! ey x‘n—l)'gﬂ{xﬁs eoay xn--l) g Hie
+ XR(m—l}(xﬂa ] xn—l)'gm—l('x{.'lr b | -‘rn.—]_)- D

Definition 2.19
(i) for x, y e w, let

x___y={x—y ifx = y,

0 i3 i o 1 .
(i) X ifx <
; 3 <y
mm{x,y}—{y if x > y.

(#ii) (by induction). For m > 2, min,, (xg, . . ., Xn_1) = min (min,, _; (xg,
<+ o5 Xm—2)s Xm-1), With min; (x, ) = min (x, y).
(iv) max (x, y), max,, (xg, ..., Xn_1) similarly.
(v) rm (x, y) = remainder upon dividing x by y, if y % 0; rm (x, 0) = 0.
(vi) | = {(x, y) : x divides y} = {(x, y) : there is a z such that y = x-z}.
(vii) PM = {x : x is a positive prime}.

Proposition 2.20. Al of the functions and relations of 2.19 are elementary.

PrOOF. Obvious, as concerns (i)—(iv). For (v),

N Jx—(IxyD ify#£0,
m(x’})_{n if y = 0.

For (vi), note that x|y iff there is a z such that y = x-z iff there isa z < y
such that y = x-z; now see 2.14. Finally, p € PM iff for every x < p, either
not x|porx = 1,and p # 0, p # 1; cf. 2.15. ]

Definition 2.21. For every k let p, be the (k + 1)st prime; thus p, = 2,
P = 3:P2 o 5,‘,..

Proposition 2.22 (Number-theoretic). For every k, p, < exp (2, 2%).
PrROOF. By induction on k. Trivial for k = 0, 1. Induction step, &k > 0:

Pre+1 =< Po----Pr — 1 (Euclid)
<exp(2,29-...-exp(2,2¥) — 1  (induction hypothesis)
— ZE{Bxp{Z,l):iik} ! l

exp (21 — 1) — 1 < exp (2%+), m

-
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Proposition 2.23. p is elementary.

ProoF. Let N = {(x, y): x, ye PM, x < y, and y is the next prime after x}.
Thus N = {(x, ¥): x, ye PM and x < y and for all z < y, either z < x or
not z ¢ PM}, so N is elementary. Let Pr = {(x, k) : x is the (k + I)st prime}.
Thus (x, k) e Prif xe PM and >, .. yemy = k, so Pr is elementary. Finally,
Pr = px < exp (2, 2%) + 1((x, k) € Pr), so p is elementary. O

Definition 2.24. If a=0 ora= 1, let (g); =0. If a > [ let (a); be the
exponent of p; in the prime decomposition of a. Sometimes we write (a)i
instead of (a),.

Proposition 2.25. ( ) is elementary.

PrOOF. (@) = px < a(pf|a and not pf*i|a). ]
Definition 2.26. la = greatest i such that p;|x (=0if x = 0 or 1).

Proposition 2.27. 1 is elementary.
ProoF. la = pi < a[py|x and Vj < a(i < j = p;ta)l. O

We now proceed to study a larger class of functions, the class of primitive
recursive functions. Most of the effective functions encountered in the litera-
ture were actually shown to be primitive recursive. Actually most of them are
even elementary, and usually this can easily be shown. We feel-that it is only
an historical accident that elementary functions are not more widely discussed
than primitive recursive functions.

Definition 2.28. The class of primitive recursive functions is the intersection
of all classes 4 of functions such that s, Ul e A4 for all m > O and i < n,
and such that A4 is closed under composition and under the following two
operations:

(i} The parameterized operation of primitive recursion: if fis m-ary and h
(m + 2)-ary, m > 0, then define g recursively as follows:

8(X0s - - -5 Xm-1,0) = flxp, - - s Xpu—1)s
By sou5 M= ".}"} =Xy -5 X35 Vs By < s Xp=15 ¥))s
forall x,, ..., X,_-1, ¥ € w. Then g is obtained from f and h by primitive
recursion, in symbols g = R™(/, h).
(ii) The no-parameter operation of primitive recursion: if ac w and h is
2-ary, define g:

20 = a,
gay = h(y, gy),
for all y € w. In symbols g = R%a, A).
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A relation R is primitive recursive iff x5 is a primitive recursion function.

Note that the operations of primitive recursion are rather special kinds
of recursive or inductive definitions. Many recursive definitions can be
reduced to primitive recursive ones; see, e.g., the important course-of-values
recursion, 2.33. But there are recursive definitions which cannot be reduced
to primitive recursion. See, e.g., Theorem 3.6. The class of general recursive
functions introduced in the next section encompasses all of the natural
notions of recursive definitions.

Clearly the primitive recursive schema affords an effective procedure for
calculating values of R™(f, k), if fand 4 are effectively calculable. Similarly

for R%a, k). Thus every primitive recursive function is effectively calculable
in the intuitive sense.,
Analogously to 2.3 we have:

Proposition 2.29. A number-theoretic function f is primitive recursive iff there
is a finite sequence {gy, . .., 8.1y of functions such that g,_, = f, and for
each i < k one of the following conditions holds:

{‘.} & = 9
(ii) g = U for somen > 0, j < n,
(iii) as in 2.3 (vi) (composition),
(iv) there exist j, h < i and me w, m # 0, such that g; is m-ary, g, is
(m + 2)-ary, and g, = R"(g;, g»),
(v) there exist j < i and a € w such that g; is 2-ary and g, = R%a, g,).

A class 4 of number-theoretic functions is said to be closed under primitive
recursive operations provided A contains all the primitive recursive functions
9, U and is closed under the primitive recursive operations given in 2.28,
including composition.

Theorem 2.30. If A is closed under primitive recursive operations, then A is
closed under elementary recursive operations. In particular, every elementary
Junction is primitive recursive.

PROOF
(1) £ is primitive recursive. For,

#0 =0,
#ay = Ug(y, A»).

(2) = is primitive recursive. For,
x=0="1U}x
x=ap=£US(x, y, x = p).
(3) Cj is primitive recursive:

Cix=Ulx=~Ulx

15
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(4) + is primitive recursive:
x4+ 0=Ujx,
x+ oy =0U(x, 5 x + ¥
(5) - is primitive recursive:
x0=0Clx
x-ay = x:y + x = +(US (x, y, x-), Ug (x, y, x-))-
(6) [x —y| = (x=p) + (¥ = x).
(7) sg is primitive recursive: sg x = 1 = x.
(8) sg(x) = sgsgx.
(9) rm is primitive recursive. Define
f (-xi G) — 0:
Sfx, 9) = of (x, y)-sg |x — of (x, )|
Then rm (x, y) = f(3, x).
(10) Division is primitive recursive, Define

f(x,0) =0,
S(x, ) = f(x, y) + 5g |x — arm (x, y)].
Then [x/y] = f(y, x).
Now assume that 4 is closed under primitive recursive operations. In
particular, A4 is closed under composition.

(11) A is closed under summation. For, suppose f€ 4, fm-ary, and g = 2 f.
Then

g(xos . - oo ¥m-2,0) = 0,
g(xﬂs sy Xm—2s dz} == z f(xm veey Kme—gs J")

y<daz

= Z f[x;_-:,,..., Xm—2s _}’} +f(xl]!"-rxm—21 Z)

== g(xnr cery X2 Z) + f(xﬂa covs Km—2s Z).
Hence g € A.
(12) A is closed under multiplication.
This is proved similarly. The proof of 2.30 is complete. CJ

The converse of 2.30 fails; see 2.45.

To express another important property of primitive recursion, we need a
new coding device. Given a finite sequence {xq, . . ., X, 1> of natural numbers,
it is natural to code it by the single integer [ [; < pi***. The added one in the
exponents is essential for uncoding, to distinguish between the codes for
¢2,3,0> and <2, 3>, for example. The mapping that assigns to each finite
sequence of natural numbers its code as above is a one-one function into w.
From the code y the original sequence x is easily extracted:

x=4{No=L.... P = D.

The following definition gives a special instance of this coding device:
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Chapter 2: Elementary recursive and primitive recursive functions

Definition 2.31. If fis an m-ary number-theoretic function, we define f, the
course-of-values function for f, as follows: f is again m-ary, and for any
KXoy - - s Am-1 € w,

_)F(xna---1xm—1} = ]-’I {pﬂxﬂ ..... xm—2n+1 - § xm-l}

Thus f[xc, ..., Xn_1) codes the whole sequence {f(xop, - +s Xm-2,0),. .-,
P~ oy Bt Tt~ 1)). Note that f(x;, . . ., Xm-2,0) = L.

Proposition 2.32. Let A be closed under primitive recursive operations. Then
feAifffe A
Proor. Assume first that fe A. Then

f(—xi}:“-lxm—ﬁnn) = 1

f{xu; R d_}?) n pﬁx{} ..... xim =204+ 1
i<oy
2 f(x:u iR y)_pitxﬁ..,.,x{m—m.y}+l ,
= h{xﬂs*“& Xm—2s P,f{xu: seey Xm—gs y))!
where A(Zgs - . - » Zn) = Zyp PEE =+ for all zo, . . ., Zn € w. Conversely,

if fe A, then

f(-xﬂs L xm-l) — {f{xﬂa ceny Xm—a2 ﬁxm-—l])mn—lh

s0 fe A. [

The next proposition shows that recursion in which the successor step
depends on several preceding values can still be reduced to primitive recursion.

Proposition 2.33 (Course-of-values recursion). Let A be closed under primitive
recursive operations. Suppose f is an m-ary function and h is an (m + 1)-ary
member of A such that, for all x,, ..., Xy €@,

f(xﬂ! RRT xm—l) = h(xg, - - - xm—hf{xm -y xm—l))-
Then fc A.
Proor

f(‘xﬂs « sy Hn—ay 0) = l!
f{xﬂg T xm_z, 6_}4’} ] l I p{{#ﬂ.-..-ﬂﬂ“ 2y +1

f< oy

=f(xg, i B y]_p;cxu...,.xm-—m.yul
= F{X0s - + s Xm—gs P} PLEOr w0 = 2, YefCrDsursxtrt = 20,30 +1

Thus fe A. By 2.32, fe A. O

Next we show how close elementary functions are to primitive recursive
functions—the class of elementary functions is closed under a restricted kind
of primitive recursion.
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Proposition 2.34 (Bounded primitive recursion)
(i) Suppose m > 0, f and h are elementary, m-ary and (m + 2)-ary
respectively, g = R™(f, h), k is elementary, and g(xo,..., Xn) <
k(x, . - -, Xp) Jor all xq, - - ., X € w. Then g is elementary.
(ii) Suppose h is a binary elementary function, g = R%a, h) (with a € w),
and gx < kx for all x € w, with k elementary. Then g is elementary.

Proor. (i) For any X, . .., X, Z € w let

g+ v or Xm) = (m + 1)+ D KXoy - - Xm-15 2)-

Z< XM

Let R consist of all (m + 2)-tuples {Xq, - - ., Xm, ¥ such that there 1s a g <
p;c(;n.....xm‘.l so that

(1) (Q)D =f(x0!-“: xm—l)

and, for all z < x,,,

(2) (g}a-i-l S h(xﬂr coes Xpm—1s £y (Q)a)
and, finally, y = (g).m. Obviously R is elementary. Now (i) follows from

(3) X0y o eos X)) = pY < K(Xgy« o o5 Xm)[{Xos - + 23 Xms YD E R].

To prove (3), assume that xy, ..., X, € w, let # be the sequence Lol .
Kirigs O o vy PG +-50 w5 Ko a5 Xl 5 a0 Bt
g= ] pt
f<xm

Then for each i < x,, we have

't[ < k{xD!' cea Xm=1s I) = z k(xﬂi' ces Xm—1» z)

ZExm

and so

q‘ 5 pﬁﬂﬂ.....mﬁ_

Furthermore, g satisfies the conditions (1), (2). Thus {xo, ..., Xm, (X0, - - -,
x,)> € R.Itisalsoclear that {xg, . . ., Xn, ¥> € Rimpliesthaty = g(xq, . . ., Xm),
so (3) holds.

Condition (i) is proved similarly. ]

As our final result of this chapter we shall give an example of a primitive
recursive function which is not elementary.

Definition 2.35. « is the binary operation on « given by the following
conditions: for any m, h € w,

a(m, 0) = m,
alm,n + 1) = m*™m,

3R -






